The purpose of this paper is to study derivations satisfying certain differential identities on Jordan ideals of prime rings. Some well known results characterizing commutativity of prime rings by derivations have been generalized by using Jordan ideals. Moreover, we provide examples to show that our results cannot be extended to semi-prime rings.
Introduction
The recent literature contains numerous results indicating how the global structure of a ring is often tightly connected to the behavior of special mappings defined on the ring. A well known result of Posner [1] states that a prime ring must be commutative if it admits a nonzero centralizing derivation. This theorem has been generalized by a several authors in various directions. Moreover, Posner theorem has been extremely influential and at least indirectly it initiate the study of various notions. The most general and important one among them is the notion of a functional identity.
Recently, many authors have studied the commutativity of prime and semiprime rings admitting suitably constrained additive mappings, as automorphisms, derivations, skew derivations, and generalized derivations acting on appropriate subsets of the rings. Furthermore, obtained results are in general extensions of other ones previously proven just for the action of the considered mapping on the whole ring.
In the present paper we will study the structure of a prime ring R having derivations which satisfy suitable algebraic properties on a Jordan ideal J. More precisely, we will prove the following theorems: 
for all x, y ∈ J, then R is commutative and d 1 
Preliminaries
Throughout this paper N will be an associative ring with center Z(R). Recall that R is prime (resp. semiprime) it has the property that xRy = 0 (resp. xRx = 0) for x, y ∈ R implies x = 0 or y = 0 (resp. x = 0). An
for all x, y ∈ S. As usual [x, y] = xy − yx and x • y = xy + yx will denote the well-known Lie and Jordan products, respectively. Recalling that R is called 2-torsion free if 2x = 0 implies x = 0 for all x ∈ R. An additive subgroup J of R is a Jordan ideal if x • r ∈ J for all x ∈ J and r ∈ R.
Assume that R is commutative; replacing x by 2x 2 in (1), we get
Hence for all x ∈ J we have d 1 (x) = 0 or d 2 (x) = 0 by using Brauer's trick, we obtain d 1 
Proposition 2.4. If R admits derivations d 1 and d
Proof. We have
If R is commutative, replacing x by 2x 2 in (7) we get
Since a commutative prime ring is an integral domain, then Eq. (8) 
Assume that R is noncommutative and d 2 / = 0. Replacing x by 4x 2 y in (7), where y ∈ J, we obtain
Substituting 2[r, uv]y for y in (9), where u, v ∈ J, r ∈ R, we get
Replacing y by 4y 2 t, with t ∈ R in (10) we obtain
Putting t(d 2 (z) − z) instead of t with z ∈ J in (11), we find that
In light of Fact 3, either
for all z ∈ J, then replacing z by 4z 2 u, with u ∈ J, we obtain d 2 (z 2 )d 2 (u) = 0 and replacing again u by 4uz 2 we get d 2 (z 2 )Jd 2 (z 2 ) = 0 for all z ∈ J.
In view of [2, Lemma 2.6], the above relation yields that d 2 (z 2 ) = 0 for all z ∈ J, but in light of Lemma 2.2, this is impossible. Accordingly, d 2 = 0 and our hypothesis reduce to d 1 (J) = {0} so that d 1 = 0. 
Proof. Assume that d 2 /
= 0, we have
Replacing y by 4yz 2 in (13), where z ∈ J, we obtain
Replacing y by 2[r, s]y in (14) we get
Left multiplication of (14) 
Since d 2 is nonzero, the primeness of R forces
so that d 1 is commuting, then [4, Theorem 2], forces that R is commutative and Eq. (13) becomes
which, because of d 2 / = 0, leads to d 1 = 0 so that [x, y] = 0 for all x, y ∈ J which implies that R is commutative.
Main results
It is known that a 2-torsion free prime ring must be commutative if it admits a strong commutativity preserving derivation d, that is a derivation satisfying
Our aim in the following theorem is to generalize this result of Bell and Daif in two directions. First of all we will only assume that the commutativity condition is imposed on a Jordan ideal of R rather than on R. Secondly we will treat the case of two derivations instead of one derivation. 
Replacing x by 4xz 2 in (20), where z ∈ J, we get
Again, replacing x by 2x[r, uv] in (21), where u, v ∈ J, r ∈ R, we obtain
Putting 4tx 2 for x in (22), where t ∈ R, we find that Proof. Assume that
Replacing x by 4xz 2 in (26), where z ∈ J, we get
Since Eq. (27) is the same as Eq. (21), reasoning as in the proof of Theorem 3.1, we conclude that R is commutative.
Motivating by Herstein's result [6] , F.W. Niu in [7] proved that a 2-torsion free prime ring R admitting nonzero derivations
for all x, y ∈ R must be commutative. However, this result is less precise because in this case necessarily d 1 = d 2 . Our aim in the following theorem is to extend this result to Jordan ideals in a more general form. 
Proof. (i) Assume that
Replacing x by 4xz 2 in (28), where z ∈ J, we get
Substituting 2x[r, uv] for x in (29), where u, v ∈ J, r ∈ R, we obtain 
Proof. Suppose there exists a nonzero derivation d 1 such that
Replacing x by 4xz 2 in (41) we get
for all x, y, z ∈ J. Substituting 2x[r, uv] for x in (42) we obtain
for all u, v, x, y, z ∈ J and r ∈ R. Reasoning as in Eq.
(39), we arrive at R is commutative and our hypothesis becomes
Replacing x by 2xz where z ∈ J we obtain d 1 (x)zd 2 (y) − d 1 (z)xy = 0 for all x, y, z ∈ J.
Writing 2yu instead of y where u ∈ J, we obtain for all x, y ∈ J but R is not commutative.
